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1. Introduction. A mapping U from a set R to the set 2% of all its subsets, written
as {U(p) | p € R}, is “symmetric” if g € U(p) implies p € U(q); we then refer to it
as a “symmetric collection” of subsets of R. It is said to be finite if the collection
of distinct sets U(p) is finite; and similarly for star finite, locally countable, etc.
Equivalently, we choose R'<R so that each U(p)=U(p’) for just one p’ e R,
and say that {U(p) | p € R} is finite, or star finite, etc., provided that {U(p) | p € R’}
has the corresponding property. Throughout this paper we assume p € U(p) unless
the contrary is explicitly stated. An example of a symmetric collection of sets in a
metric space R is the collection of all spherical neighborhoods S(p, r), p € R, witha
fixed radius r.

Another less obvious example is the set of stars of points p € R by a covering #.
If % is a covering of R, then the star of p by % is the union of all the sets of #
which contain p. In symbols we write S(p, #)=\J{U| Ue%;pe U}.Ifqe S(p, %),
then p and g are both contained in some set U of %, thus p € S(q, %).

In this paper we examine the effects of this property of symmetry on other known
topological properties. For example, in a symmetric collection point finiteness is
equivalent to star finiteness (Lemma 3.2). Using this property we obtain a number
of equivalent conditions for metrizability, strong metrizability, the star finite
property (strong paracompactness) and complete paracompactness.

In this paper “regular” means “regular and T;”, and neighborhoods and
neighborhood bases are not restricted to open sets.

I1. Some metrization theorems. A collection % of subsets of a topological space
R is locally finite (countable) if every p € R has a neighbourhood which meets
only finitely (countable) many elements of #. It is point finite (countable) if every
point of R is contained in at most finitely (countably) many sets of %.

A Hausdorff space is said to be paracompact if every open covering of R has an
open locally finite refinement.

A space is fully normal if every open covering % has an open A-refinement 7,
that is, an open covering for which the stars S(p, ¥") form a covering of R which
refines %.
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Stone [15, Theorems 1, 2] has proved that the concepts of paracompactness and
full normality are equivalent.

A collection of sets #={U, | « € A} is said to be closure preserving if for any
subset A’ of 4 we have

UA{CI(U.) | ee A} = CL(U {Us | 2 € 4)).

It is not hard to show that a locally finite collection is closure preserving.

A space has a o-closure preserving base if it has a base which consists of countably
many closure preserving families.

Let 2 be a collection of ordered pairs, P=(P,, P,), of subsets of a topological
space R with P, <P, for all P € 2. Then £ is called a pair-base for R if P, is open
for all P € 2, and if, for any p € R and neighborhood U of p, there exists a P € &
such that p e PP, U. 2 is called cushioned if for every subcollection #’ of Z
we have

CLU{P, | PeZ)) =« U{P:| PeZ'}.

2 is called o-cushioned if it consists of countably many cushioned subcollections.

Ceder has investigated regular spaces with o-closure preserving bases (M, spaces),
and T, spaces with o-cushioned pair-bases (M3 spaces), and has shown that neither
need be metrizable [1, Example 9.2]. We can show that if the sets of the basis form a
symmetric collection, then these spaces are metrizable. To obtain these results, we
use the following theorem due to Nagata [9, Theorem 1].

THEOREM 2.1 (NAGATA). In order that a Ty-topological space R be metrizable
it is necessary and sufficient that one can assign a neighborhood basis
{Un(p) | n=1,2,...} for every point p of R such that for every n and each point
D of R there exist neighborhoods Si(p), SZ(p) of p satisfying

(i) q ¢ Un(p) implies S3(q) N Sx(p)=2,

(ii) q € Si(p) implies S3(q) < Un(p).

THEOREM 2.2. A T, space R is metrizable if and only if it has neighborhood bases
{U(p | n=1,2,...}, peR; {Voi(p) | n=1,2,...}, p € R, such that

@) V.(p)<Un(p) and {(V.(p), Un(p)) | p € R} is cushioned for each n and

(b) the collections {U,(p) | p € R} and {V,(p) | p € R} are symmetric for each n.

Proof. First we prove the sufficiency. Since {(V,(p), U.(p)) | p € R} is cushioned
for each n, we have

CLU{Va(p) |peP = RY) = U{Unp) | pEP < R}.

Set Sa(p)=R—U {Va(r) | p ¢ Un(r)}.
This is a neighborhood of p since

peR—U{U(r) | p ¢ Un(r)} = R=CL(U {Va(r) | p ¢ Un(r)})

< R-U (V. | p ¢ U0}
Set S3(p)=Vu(p).
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It is easy to see that these sets satisfy the conditions of the theorem.

THEOREM 2.3. A regular space R is metrizable if and only if there exist neighbor-
hood bases {U,(p) | n=1,2,...}, p€R, such that

(@) %,={U.(p) | p € R} is closure preserving, and

(b) p € C1(Ux(q)) implies q € C1 (Un(p)).

Proof. The condition is sufficient. Since R is regular, {Cl (U,(p)) | n=1,2,...}
forms a neighborhood basis at p.

Set Si(p)=R—J {CL(Un(r)) | p & CL(Un(r))}, S2(p)=Cl (Un(p)).

Since %, is closure preserving for every n, Si(p) is an open set containing p. We
must show that (i) g ¢ Cl (U,(p)) implies SZ(q) N Si(p)=2.

(1) g ¢ C1(Ux(p)) implies p ¢ Cl1 (U(q)) by (b).

Suppose there is a point x in S2(g) N Si(p). Then x € S3(q)=Cl (U.(q)). x € Sx(p)
implies x ¢ |J {C1(U,(r)) | p ¢ CL(U,(r))}, thatis, p ¢ Cl (U,(r)) implies x ¢ Cl (Uy(r)).
But p ¢ Cl (U,(gq)) by (1). This implies x ¢ Cl (U,(g)), which is a contradiction. Thus
S3p) N Sig)=2.

Now we show that (ii) g € Si(p) implies S2(q)<Cl (U(p)). If ¢ € Si(p), then
g ¢ U {CL(Un(r) | p ¢ CL(Ux(r))}, that is,

(2) p ¢ CL(Un(r)) implies g ¢ CI (Un(r)).

Suppose x ¢ C1 (U,(p)). Then p ¢ Cl (U,(x)) by (b). From (2) we have g ¢ Cl (U,(x))
which implies x ¢ Cl (U,(q))=S2(q). Thus (ii) holds, and R is metrizable by Theorem
2.1.

Next we prove the necessity. Let R be a metric space. Then ¥,,={S(p, 1/n) | pe R}
‘is an open covering of R for each n. Since R is paracompact, ¥, has a closed
locally finite refinement %, [4, Lemma 1].

We note that for each n and p, S(p, %,) is a neighborhood of p, for pe R
-U{U|Ue%,p¢t U<S(p,«,),and R—\J{U | Ue¥,, p ¢ U} is open by the
local finiteness of %,. Since %, refines ¥,

S(p’ %n) < S(p’ 1/;1) = U {S(q’ 1/”) lpES(q, 1/”)} < S(p, 2/”)

Thus {S(p, %,) | n=1, 2, ...} is a neighborhood basis at p. From the local finite-
ness of %, and the fact that U € %,, implies U is closed, we have q € Cl (S(p, %.))
implies p € Cl (S(q, %..)).

Since %, is closure preserving %, ={S(p, %.) | p € R} is closure preserving also.

IT1. The star finite property. A covering % of a topological space R is said to be
star finite (countable) if each set of Z meets only finitely (countably) many other
sets of %.

If every open covering of R has an open star finite refinement, then we say that
R has the star finite progerty, or R is strongly paracompact.

Michael [4, Lemma 1] has proved that in the definition of paracompactness the
word “open” used in referring to the refinement may be replaced by the word
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“closed”’, or even deleted completely. This does not hold for the star finite prop-
erty, for any T, space R has the property that every open covering has a closed
star finite refinement. We can take the refinement to be {{p} | p € R}.

However, we can obtain results similar to Michael’s if we adopt suitable
restrictions. For this see §II(iv), (v), and (vi) of Theorem 3.1.

THEOREM 3.1. For a regular space R, the following are equivalent :

I. R has the star finite property.

I1. Every open covering of R has a refinement % ={U(p) | p € R} where % is
respectively

(i) a symmetric star finite collection of open sets, or

(ii) a symmetric locally finite collection of open sets, or

(iii) a symmetric point finite collection of open sets, or

(iv) a symmetric locally finite collection of (not necessarily open) sets and each
U(p) is a neighborhood of p, or

(v) a (not necessarily symmetric) locally finite collection of sets satisfying
q € C1(U(p)) implies p € C1 (U(g)), or

(vi) a symmetric locally finite collection of closed sets, or

(vii), (viil), (ix) a symmetric collection of open sets which is respectively (vii)
star-countable, (viii) locally countable, (ix) point-countable.

II1. Every open covering of R has an open star countable refinement.

Proof. The proof will proceed as follows:

I = II(i) = II(ii) = II(iii) = IIGiv) = TI(vi) = I;

1I(v) < II(vi); II(i) = II(vii) = II(viii) = II(ix) = IIl = L.

I = II(i). Let #° be an arbitrary open covering of R. Since R is paracompact,
# has an open A-refinement, %. By hypothesis, % has an open star finite
refinement ¥

Then & ={S(p,¥") | p € R} is an open star finite covering of R, and S(p, ¥")
<S(p, %)< W for some We#. Hence & refines #. Moreover, g€ S(p, V")
implies p € S(g, ¥"). Thus II(i) holds.

II(i) = II(ii) = II(iii) is obvious.

I1(iii) = II(iv). This follows from the following lemma:

LeMMA 3.2. A symmetric point finite collection % ={U(p) | p € R} is star finite.

Proof. Let U(p,) be an arbitrary set of #. The collection {U(p) | p € U(po)}
contains only finitely many distinct elements of %, say U(p,), U(pz), ..., U(py)-
This follows from the point finiteness of % and the fact that p € U(p,) implies
Po€ U(p).

Similarly, for i=1,2,...,k, the collection {U(p)|pe€ U(p))} contains only
finitely many distinct elements, say U(p;,1), U(pi,2); - - -» U(Piray)-

Let us denote by #(p,) the finite collection {U(p;)|j=1,2,...,r(@);
i=1,2,...,k}.
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Now suppose U(q) N U(po)# @. Then there exists an re U(q) N U(po).
re U(po) implies U(r)=U(p;) for some i. Since r € U(q) then ge U(r)=U(p,),
hence U(q)=U(p;,;) for some j. Thus U(q) is an element of the finite collection
U(po) and % is star finite.

We now prove II(iii) = I(iv).

Let #” be an arbitrary open covering of R. #” has an open symmetric point
finite refinement % ={U(p) | p € R}, and by Lemma 3.2, % is star finite. Since each
set of % is open, % is locally finite as well, hence II(iv) holds.

II(iv) = II(vi). We first prove a lemma.

LemMA 3.3. If 4={U(p) | p € R} is a symmetric point finite collection of sets,
where U(p) is a neighborhood of p, then {Cl (U(p)) | p € R} is star finite.

In the proof we use the following (standard) notation. The star of a set 4 by a
covering % is the union of all the sets of % which meet 4. In symbols, S(4, %)
=J{U|Ue%; Un A+ }. Since S(4, %) is a set, we may speak of the star of
S(4, %) by %, and we write S(S(4, %), %)=S*A, %). Thus inductively we may
define S™(A4, %) for any positive integer .

From Lemma 3.2 it follows that {U(q) | g € S(U(p), %)} is a finite collection.
In a similar manner, it follows that {U(g) | g € SMU(p), %)} is a finite collection
for every positive integer n.

Suppose CI (U(p)) N Cl(U(q))# @. Then there exists an r such that U(r) con-
tains a point x of U(p) and a point y of U(q). Hence U(g) € {U(q) | g € S2(U(p), %)}
which is a finite set.

We now return to the proof of II(iv) = II(vi).

Let #” be an arbitrary open covering of R. Since R is paracompact, # has an
open A-refinement ¥~ Since R is regular, R has an open covering % such that the
collection of closures of sets of # refines 7.

By hypothesis, % has a symmetric locally finite refinement %'={U’(p) | p € R}.
By the lemma, Cl1 (Z")={Cl1 (U’(p)) | p € R} is star finite.

Put ={S(p, CI(Z’) | p € R}. Then & is a symmetric locally finite collection of
closed sets and ¥ refines #.

II(vi) = I. Let #” be an arbitrary open covering of R. By hypothesis, #  has a
closed symmetric locally finite refinement #={U(p) | p € R}. This implies % is
star finite by Lemma 3.2.

Set V(p)=R—{J{U(q) | p ¢ U(g)}. Then ¥"={¥V(p) | p € R} is an open covering
of R by the local finiteness of %. Then V(p)={x | U(x)< U(p)}.

From this it is easy to see that V' (p)< U(p), hence ¥~ refines #. Moreover it is
clear that ¥” is star finite since % is. Hence R has the star finite property.

II(vi) = II(v) is obvious.

II(v) = II(vi). Let #” be an arbitrary open covering of R. Since R is regular, R
has an open covering ¥~ such that the collection of closures of ¥ refines #;

By hypothesis, ¥" has a locally finite refinement #={U(p) | p € R} such that
g € C1(U(p)) implies p € Cl (U(g)).
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Then Cl (%)={Cl1 (U(p)) | p € R} is also locally finite and Cl (U(p))<=Cl (V)= W
for some W e#. Hence I1I(vi) is satisfied.

(i) = II(vii) = II(viii) = II(ix) is evident.

II(ix) = III. A symmetric point countable collection Z={U(p)|pe R} is
star countable. The proof of this is the same as that of Lemma 3.2, mutatis
mutandis.

III = I. This result has been obtained by Smirnov [14]. We sketch the proof, for
completeness.

Let #” be an arbitrary open covering of R. By hypothesis, #" has an open star
countable refinement, #={U; | 8 € B}.

Since {U; | U= S™U,, %)}, n=1,2,... is countable, we may assume that %
consists of open sets, U, ;, ye T, i=1,2,... such that U,; N U ;= & for y#3.

Put U,=|J2; U,,. Then U, is both open and closed in R. If we choose one set
U, for each y e T, this will be a discrete collection and countably many such
collections make up #. Thus % is a o-discrete refinement of #; and R is para-
compact.

Since R is paracompact U, is paracompact for y € T, and {U, ;] i=1,2,...} is
a countable open covering of U,. Then by a theorem of Morita [7, Theorem 3]
{U,:|i=1,2,...} has an open star finite refinement, ¥;. The collection of all
such refinements for y € T is an open star finite refinement of %, hence of #.
Thus R has the star finite property.

IV. Strongly metrizable spaces. We recall Nagata’s [11, Theorem 1] character-
ization of a metric space. A regular space is metrizable if and only if it has a base
consisting of countably many locally finite open coverings. A regular space R is
said to be strongly metrizable if it has a base which consists of countably many star
finite open coverings. We say such a basis is o-star finite.

In Theorem 4.1 we characterize strongly metrizable spaces by a number of
equivalent conditions, some of which appear to be considerably weaker than this
definition, while one, (ii), appears to be stronger.

THEOREM 4.1. For a regular space R, the following are equivalent:
1. R has a o-star finite open basis (i.e., is strongly metrizable).
II. There exist neighborhobd bases {U,(p)|n=1,2,...}, peR, with %,
= {U.(p) | p € R} where X, is respectively
(i) a symmetric star finite collection of open sets, or
(ii) a symmetric locally finite collection of open sets, or
(iii) a@ symmetric point finite collection of open sets, or
(iv) a symmetric locally finite collection of (not necessarily open) sets, or
(v) a symmetric locally finite collection of closed sets, or
(vi), (vii), (viii) @ symmetric collection of open sets which is respectively (vi) star
countable, (vii) locally countable, or (viii) point countable.
III. R has a o-star countable open basis.
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The proof proceeds as follows: I = II(i) = II(ii) = II(iii) = II(iv) = II(v);
II(i) = II(vi) = II(vii) = II(viii) = III = 1.

I = II(i). By hypothesis, R has a basis % =\Jn=1 %», %,={U, 4 | B € B,}, where
%, is a star finite open covering of R. Since R is metrizable it is perfectly normal,
hence we can write R— U, s=(\i=1 Vi, where the V¥} are open sets.

Let A be a finite subset of B,. Put

N = [() Una] 0[] 9]

Ni¥) is open. This follows from the star finiteness of #,, for R— U, ;< V)
implies R—V{3<U,, Thus {R—V¥, | Be B,} is star finite also and closure
preserving. Therefore | zea (R— V) is closed, and R—Jzea (R— Vi) =MNsea V4
is open. Since A is a finite set, it follows that N¥) is open.

AP ={N¥\, | A< B,; A finite} is a star finite covering of R.

To see that it is a covering, let p be arbitrary in R. Then p € ("\gea U, 4 for some
finite subset A of B,, and p ¢ U, ; for B¢ A. Then pe V&, k=1,2,...,B¢A,
hence p € N\,

To show Z is star finite, let N{¥, be a set of Z. Then for B, € A, NSA< U, 4,
Suppose

(1) Ny 0 N{9. # . Then

(2) Ungo NN # 2.

By the construction of N{¥)., this implies that A’ consists of those indices 8’ for
which U, s, N U, s# @. Since this is true for only finitely many g, then only
finitely many A’ can satisfy (2), hence only finitely many N\ satisfy (1).

Next we show that for every open set G and each point p € G there exists an n
and a k such that S(p, Z%)<G. Since % is a basis for R, there exists an nand a 8,
such that p e U, ;,,=G. Also there exists a A, such that p e U, 4, for BeA,, and
p ¢ U, for B¢ A, Then B, €A,.

Since pe U, 3, p¢ R—U, p,=(\ic=1 V<4, Thus there exists a k such that
P ¢ Vi!3,. For this n and k, let us consider Z%. If p € N{¥) then since p ¢ V%), we
must have Bo €A. Hence N\ < U, 4,, i.e., S(p, Z¥)< U,,_,,0 =G.

Thus {S(p, Z¥) | n=1,2,...;k=1,2,...} is a neighborhood basis at p.
Moreover <, . ={S(p, Z¥) | p € R} is star finite since Z is, and it is symmetric.
This proves II(i).

II(i) = II(ii) = II(iii) is obvious.

II(iii) = II(iv). By Lemma 3.2, %, is star finite. Since by hypothesis its sets are
open, then %, is also locally finite. Thus II(iv) holds.

II(iv) = II(v). By hypothesis, R has neighborhood bases {U,(p) | n=1,2, ...} such
that %, is locally finite and symmetric. Since R is regular, {Cl (U,(p)) | n=1,2,...}
is a neighborhood basis at p. By Lemma 3.3, Cl (%,)={Cl (U,(p)) | p € R} is star
finite.

Put
= [0 CLWeN] N [) €1 R- VoY)
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for A a finite subset of R’, where R’ is a subset of R such that p, g € R’, p #q implies
U.(p)# U.(q). Then p ¢ A means p € R'—A. V,, , is closed.

As in the proof of I = II(i) we can show that ¥, ={V, | A< R’; A finite} is a
star finite covering of R.

Since 7, is not an open collection, the fact that it is star finite does not neces-
sarily mean that it is locally finite. ¥}, can easily be shown to be locally finite,
however, from the local finiteness of Cl (U,).

Suppose po € Voo Then V, ,<Cl(U,(p,)). For assume p,e R'—A. Then
Do € Vaa<Cl(R—Uy(po)), which contradicts the fact that U,(p,) is a neighbor-
hood of p,. Thus py €A and V, ,<Cl (Uy(py)). If po € R—R’, then there exists a
o € R' such that U,(po)=U.(qgo). Then by the same reasoning, g, €A, and
Po € Va,a<Cl(Un(90))=Cl (Un(po))-

Hence S(po, ¥7) < Cl (Un(po))-

Set =Ur-1%; $={S(p,7>) | p € R}. Then &, is a star finite and locally
finite symmetric collection of closed sets and {S(p, ¥3) | n=1, 2, ...} is a neighbor-
hood basis at p.

Thus II(v) holds.

II(v) = 1. By hypothesis, R has a closed neighborhood basis {U,(p) | n=1, 2, ...},
P € R, such that %, ={U,(p) | p € R} is locally finite and symmetric. By Lemma 3.2,
U, is star finite.

Since U,(p) is a neighborhood of p, pelnt U,(p) (=Interior U,(p)) and
{Int U,(p) | p € R} is star finite since %, is. Clearly {Int U,(p) | pe R; n=1,2,...}
is an open basis for R. Thus I holds.

I(i) = II(vi) = II(vii) = II(viii) is evident.

II(viii) = III. By the proof of II(ix) = III in Theorem 3.1, %, is star countable,
hence III holds.

IIT = I. It is known [17, p. 113] that a regular space R has a o-star finite basis
if and only if it has a o-star countable basis.

Clearly a strongly metrizable space is metrizable. The converse is not true. A
connected strongly metrizable space R must have a countable base. For let
U=\J2-, U, be a o-star finite open basis for R. From the connectedness of R it
follows that each %, is countable, therefore % is a countable basis. Thus any
connected nonseparable metric space provides a counterexample.

V. Complete paracompactness. We shall call a regular space completely para-
compact if every open covering of R has a refinement which is a subcollection of an
open covering % =\Jx=, %,, where each %; is an open star finite covering of R.
This definition is due to Smirnov [14].

We shall see that for metric spaces, complete paracompactness is equivalent to
strong metrizability (Corollary to Theorem 6.1).

The similarity between the definition of complete paracompactness and Michael’s
[4, Theorem 1] characterization of paracompactness (a regular space R is para-
compact if and only if every open covering of R has an open refinement
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U=\Jr-1 %, where each %, is a locally finite collection of open subsets of R)
might lead one to speculate that the star finite property and complete paracompact-
ness are equivalent. This is not the case. Nagata [10, p. 169] has given an example
of a space which is completely paracompact but does not have the star finite
property.

Zarelua [19, Theorem 3] has shown that a regular space with the star finite
property is completely paracompact, and every completely paracompact space is
paracompact. Nagata’s example and the example on page 438 show that the
converse of these statements is not true.

THEOREM 5.1. For a regular space R, the following are equivalent:

I. R is completely paracompact.

1. Every open covering of R has a refinement U'=\), U, (n=1,2,...) with
Un={U,(p) | p € P,} where \J, P,=R, and where each ¥, is a subcollection of
U,={U,(p) | p € R} where U, is respectively

(i) a symmetric star finite collection of open sets, or
(ii) a symmetric locally finite collection of open sets, or

(iii) a symmetric point finite collection of open sets, or

{(iv) a symmetric locally finite collection of (not necessarily open) sets, and each
U.(p) is a neighborhood of p, or

(V) a (not necessarily symmetric) locally finite collection of sets satisfying
g € CL(Un(p)) = p € Cl1(Un(9)), or

(vi) a symmetric locally finite collection of closed sets, or

(vii), (viii), (ix) @ symmetric collection of open sets which is respectively (vii) star
countable, (viii) locally countable, or (ix) point countable.

III. Every open covering of R has a refinement %' which is a subcollection of
U=\, U, where U, is a star countable open covering of R.

The proof of the equivalence of these conditions follows this pattern:

I = II(i) = II(ii)) = II(iii)) = II(iv) = II(vi) = I; II(v) < II(vi);

II(i) = II(vii) = II(viii) = I(ix) = Il = L.

I = II(i). Let #° be an arbitrary open covering of a completely paracompact
space R. Then #  has an open refinement %’ which is a subcollection of
U=\Jg-r Un; Uy={U,;5|B€B,}, %, an open star finite covering of R. %’
=1 % Uy={U, ;| Be B); By B,

Since R is paracompact, by a theorem of E. Michael [5, Theorem 1], %’ has a
closure preserving closed refinement

{Frs|BeBs; ne{l,2,...}}

such that F, ;< U, , for all nand B € B,.

Put P,=\J {Fn; | B€ Bn}. Then Un-1 P.=R.

Similarly, %, has a closure preserving closed refinement {F, ; | 8 € B,} such that
Fn,ﬂ < Un.ﬂ~
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We form a closed covering %, of R for every n by setting
Ff'l'.B = Ff:.ﬁ v Fn,ﬁ for B € B,l,.
= F,z for B e B,— B;.

Then &Z,={F,;|B € B,} is also closure preserving and F, ;< U, s for every
B € B,. Moreover, a subcollection of &%, {F, 5 | B € By} covers P,.

Put V,a=(sea Uns N [Nsea (R—Fyr.5)] for A a finite subset of B,. Then
Vaa=[sea Uns N [R—Ugea Fn,5] which is open since &, is closure preserving.

Y2={Van | A< B,; Afinite} can be shown to be a star finite covering of R as in
the proof of Theorem 4.1, I = II(i).

Suppose V, o N Fy,# 2. Then BeA, and V,,<U,s Thus we have, for
pe Fr’t,,ﬂ’ S(p, %.)CS(F;{,ﬂ, ‘Y/;')C Uu.B'

Take L =\Ur-1; % Z={S(p, ;) | p € R}. Then &, is a symmetric star finite
open covering of R.

A subcollection

= UK H=(S@Y)IpePy

where P, <R, refines %'.

Thus &’ refines #, and R satisfies I(i).

I(i) = II(ii) = II(iii) is obvious.

II(iii) = II(iv). By Lemma 3.2, %, is star finite. Its sets are open, hence %, is
locally finite as well and II(iv) holds.

II(iv) = II(vi). Let #" be an arbitrary open covering of R. Since R is regular, #~
has an open refinement ¥~ the collection of whose closures refines #".

By hypothesis ¥~ has a refinement %' ==, %, With %,={U(p) | p € P,},
where P, <R, | J®-, P,=R, which is a subcollection of % =z~ 1 Xy, Un={U(p) |
p € R}, where %, is a symmetric locally finite collection of neighborhoods of points
pin R,

By Lemma 3.3, for each n the collection Cl(%,)={Cl(U,(p)) | p < R} is star
finite.

Put

Vas = () CLUP) 0[] CLR=Ui(p)]

for A a finite subset of R’ where R’ is a subset of R such that p, g € R’, p#q implies
U,(p)# U.(q). Then p ¢ A means p € R'—A. Then as in the proof of Theorem 4.1,
1I(iv) = II(v), 7, ={V..a | A afinite subset of R’} is a closed, star finite, locally finite
covering of R and S(p, ¥,)<Cl (U,(p)). Set

5”="L=J1 S SH={S(p, 7)) |PER}.
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Then &, is a symmetric locally finite closed covering of R, and a subcollection of
<, viz.,

'7,=nL:))15,;‘" ’%‘={S(P’ﬁ)|pepn}’ P, < R,

refines W'

For p e P, implies S(p, 7,)<Cl (U, (p))<Cl (V)< W for some We#. Thus
[1(vi) holds.

II(vi) = L. Let #” be an arbitrary open covering of R. By hypothesis #" has a
refinement %' =\Jx., %,, with #,={U.(p) | p € P,}, P,<R, \J-, P,=R, which
is a subcollection of #=\Jp~, ¥,, U,={U.(p) | p € R}, %, a symmetric locally
finite collection of closed sets.

Set Vu(p)=R—-J{U.(q) | p ¢ Us(q)}. Then as in the proof of Theorem 3.1
1I(vi) = 1, ¥, ={Vu(p) | p € R} is an open star finite covering of R and V,(p) < U,(p).

Put ¥"=Jz-1 ¥4 Then a subcollection of ¥, ¥"'=Ur.1 %%, Y2 ={Va(p) |
pEP,}, P,cR, refines #. For pe P, implies pe V,(p)<U,(p)< W for some
W e#. Thus R is completely paracompact, and I holds.

II(v) = II(vi). Let #" be an arbitrary open covering of R. Since R is regular, R
has an open covering 7~ the collection of closures of whose elements refines #-
By hypothesis ¥~ has a refinement %' =\J.; %, with

%;l“_‘{Un(p)IPEPn}’ P, < R, nLJanzR’

which is a subcollection of
U = nL=Jl U,; U, = {Un(p) Ip GR},

a locally finite collection of sets such that g € Cl (U,(p)) implies p € Cl (U,(q)).
Then Cl (%,)={Cl (Un(p)) | p € R} is locally finite and symmetric, and a sub-
collection of Cl (#%)=Ux-, Cl (%,),

aA@)= 0 @), @)= U p|pePs, PR,

refines #. For p e P, implies Cl (U,(p))<Cl (V)< W for some W e#. Hence
II(vi) holds.

II(vi) = II(v). This is obvious.

II(i) = II(vii) = II(viii) = II(ix) is evident.

II(ix) = III. As in the proof of Theorem 3.1 II(ix) = III, %, is star countable.

III = 1. Let #” be an arbitrary open covering of R. Then #” has an open refine-
ment

V=% %={U,|BeB), Bi<B,

which is a subcollection of % =\Jp-y Xn, U, ={U, 5 | B € B,}, %, a star countable
open covering of R.
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For each n, {U, 3| Un,s<Um=1 S™U,,,» %,)} is countable. Let us denote each
set in such a collection by U, 44.,»; i=1,2,...;y € I'y,and put U =2 Unosa.ns
where we take a subset I', of B, so that UY® N U®= g fory, §e T, y#34.

If we choose one set U, 44, for each y € T',, this will be a discrete collection,
and countably many such collections make up %,. Thus =\~ %, is o-discrete,
%' is o-discrete also and R is paracompact.

Since U is closed in R it is paracompact, hence there exists a closed covering of
UL, {Fu i | i=1,2,...} such that F, 44, < Up puns i=1,2,....

Since R itself is paracompact, there exists a closed covering {Fy ;|B€ By;
ne{l,2,...}} of Rsuch that F; ;< U, ; forevery Be By, ne{l,2,...}.

For every n and y e T',, we form a countable closed covering &, , of U as
follows:

Fi s, = Fapaun for B(i, y) ¢ Bn,

= Fagan Y Fusa,n for B(i, y) € B,.
Then Fy 44,5 < Un pq,y for Uy g4, < Ui, and
U{Fr’:,ﬂ(t.v) IB(",'}’)GB;;;YGF'"” = 1’29} = R

Since U{” is normal, we can construct open sets G, ,,; i=1.2,...; k=i,
i+1,..., such that

” (k. k) (k+1
) Fu 54,9 < G%a.n < ClL(G%a.») © GE3dy < Unpan-

Set Xi.,,..=U¥-1 G-

Then U =UR-1 Xnyks and Cl( Xy, k) S Xoyke1s K=1,2,.. ..

To see this, let x € Cl (X,,,..)=U¥-; Cl (G¥sq.,y)- Then x € Cl (G¥F,,) for some
i< k. This implies x € G4, for i k. Hence

k+1
XE€ :L=J1 Giad = Xaer
Now let us set
Hyype = Xn.y,k_Cl (Xa,7,k-3),
Kaye = CL(Xnyi) = Xay k-1 k=12,...

where X, , =@ for k<0.
Then H,,, is open and K, , , is closed. Moreover we have:

(2) Kn.v.k < Hﬂ.v'k+ 1s
©

(3) U Kn.y.k = Uv(;7)9
k=1

(O] Hy, o "Hy Y=o for Ik—jl z 3.
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Since K, ., =Cl (X,,,.x)— Xn,y,k-1<Cl (X,,,.,) then

Kn.r.k =Cl (Xn.y,k) N Kn.r.k

k
=Cl (;91 Ggfiw.r)) N Koy

C=

ClL(G¥%q,n) N K,y ke

i

1

Thus the system of closed sets

{Knye N CL(GFpa.p) |i=1,2,..., k; k=1,2,..}
forms a covering of U{”, and therefore

{Huyke1 0GP, i=1,2,.. ., k;k=1,2,...}
is an open covering of US”, since

Knye N CL(GEs4,») © Hapyiesr N GEZD,

by (1) and (2). Moreover, because of (4)

{Hoyke1 DGEZDy i=1,2,.. ., k;k=1,2,...}

is star finite.
Now, put H)) i=Xu,x—Cl(Xayk-@+2), j=1,2,.... Then by a similar
discussion, for each (n, j)

’W;l.f = {H'(lj,)v,k+lnGgf;(‘];)7)li= 192,"',k;k = l,2s°";yern}

is a star finite open covering of R.
Define a subcollection #7 ; of #, , by

ey = {Hdy o1 O G5y | BG, ) € By}

Then Up,=1%#4,; is a covering of R and refines #. For let x € Fy 5,,,, and
B(i, y) € B,; then xe X, , ., for every k=i. Hence x€ HY),,,, for j2k—1
because for such j, H{, ;1= Xn,y.x+1. Thus I is proved.

Morita [7, Corollary p. 66] has proved that for a regular connected space R,
the star finite property is equivalent to the Lindelof property. The following
theorem extends this result.

THEOREM 5.2. If R is a regular space, and each of its connected components is
open, then complete paracompactness is equivalent to the star finite property in R.
If the collection of components is countable, then complete paracompactness is
equivalent to the Lindelof property in R.

Proof. Since for any regular space the Lindel6f property = the star finite
property = complete paracompactness, we need only show that under the
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hypothesis the reverse implications hold. Let us assume R is completely para-
compact. By hypothesis, R=J {4, | « € &}, A, connected, each 4, open and
closed in R, and 4, N A;= & for a#p.

Let ¥~ be an arbitrary open covering of R. Since R is completely paracom-
pact, ¥" has an open refinement %’ which is subcollection of #=\Up-y Xy, U=
{Un.5 | B € B,} where %, is a star finite open covering of R.

Consider the collection #¢={U, ; N A, | B € B,}. Since this collection is star
finite, A, may be written as the union of disjoint open and closed sets, each of
which is the union of countably many elements of %2. Since A4, is connected, there
can be only one such set. Hence %% is countable for each » and «.

It follows that the collection {U, s N 4, | B€ B,; n=1,2,...} is countable for
each « € & If & is countable, clearly % is countable, as is %’. For each Ue %’
there exists a ¥ € ¥~ such that U< V. The collection of all such elements V is a
countable subcovering of ¥, hence R has the Lindelof property.

Now we assume & is uncountable. The collection {UN A, | Ue#'} is a
countable open covering of A,. Since A4, is a closed subset of a completely para-
compact space, 4, is completely paracompact, hence paracompact. Then by a
theorem of Morita [7, Theorem 3] {U N A4, | Ue€ %’} has a countable open star
finite refinement, {V, ; | B € B,}. Since 4, is open in R, V, ; is open in R. Then
{Ves | BE B,; « € &} is star finite and refines %', hence refines ¥~ Thus R has the
star finite property.

Norte. If R is locally connected, then each of its connected components is open.

Michael’s [6] example shows that the cartesian product of two completely
paracompact spaces, or even the product of a completely paracompact space with
a strongly metrizable space, need not be completely paracompact. However, we
can prove the following:

THEOREM 5.3. Let A be a completely paracompact space and let B be a space
which is compact and regular. Then A x B is completely paracompact.

Proof. First of all, 4 x B is regular, since both 4 and B are regular.

Let #” be an arbitrary open covering of 4 x B. Let a € A. Then each point of
ax B is contained in an open set of the form Ux V, U open in 4, V open in B,
such that Ux V< W for some We¥.

For each fixed point a € 4, the set of all such ¥’s is an open covering of B. Since
B is compact, a finite number of them, say V, 1, V.25 - - +» Va.xa COVeEr B.

To each V,; there corresponds a U,; for which U, ;x V,; =W for some
We¥.

Put U,="¥9 U, ;. Then 4={U, | a € A} is an open covering of A. Since 4 is
completely paracompact, % has a refinement

# =) R, R ={R.;|BecB), B,<B,
n=1
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which is a subcollection of Z=\J7-, #,, Z,={R, ;| B€ B,}; #, an open star
finite covering of A.

For each n we form an open covering of 4 x B as follows: For each B e B,
R, ;< U, for some « € A. Set

Sn.B.i = Rn.ﬂ X Va.i’ l = I, 2, ey k(a)
and
Sns = Ry,sxB for Be B,—B,.

For each n, the collection <, of these sets is an open star finite covering of 4 x B,
by the star finiteness of #,. Moreover a subcollection of & =\J>., ¥, refines #.
Clearly

{Sosali=12,...,k(@);BeBr;n=1,2,...}
covers A x B.
Snpi = RupX Vo CUxVy; € UpixVy, < W
for some We#, and A x B is completely paracompact.

VI. Dimension. There are three basic ways in which the dimension of a
topological space is defined: covering dimension, or Lebesgue dimension, (dim)
which is the dimension defined by finite open coverings; small inductive dimension,
or Menger-Urysohn dimension, (ind) the dimension defined inductively in terms of
neighborhoods of points, and large inductive dimension (Ind), the dimension
defined inductively in terms of neighborhoods of closed sets.

Katétov [3] and Morita [8, Theorem 8.6] have proved that for a metric space R,
dim R=Ind R, and it is obvious that ind R<Ind R generally holds. Roy [13] has
shown that in a metric space the reverse inequality does not necessarily hold.

However for a strongly metrizable space the three basic definitions of dimension
are equivalent. Zarelua [19] has proved this, and in this section we give a proof
different from his.

THEOREM 6.1. For a metric space R and an arbitrary property P of families of
subsets of R, the following are equivalent:

(1) R has a basis U=\Ug-1 Uy, U={U, 4| B€E B,}, X, a covering of R, where
for every n the collection %, has property P.

(ii) Every open covering of R has a refinement %' which is a subcollection of
U=\Up-r Uy, Uy={U, 5| B€< B}, U, an open covering of R, where for every n,
the collection %, has property P.

Proof. (i) = (ii) is obvious.

(ii) = (i). For every n, ¥,={S(p, 1/n) | p€ R} is an open covering of R. By
hypothesis, ¥;, has a refinement %; which is a subcollection of %,=Um-1 %n,m,
where %, , covers R and has property P.



446 M. R. WISCAMB [March

Then #=\Upm=1 #n.nis a basis for R, where %, , covers R and has property P.
If, for example, property P is that #, is a star finite collection we have the
following:

COROLLARY. For a metric space R complete paracompactness is equivalent to
strong metrizability.

This has been proved by Zarelua [19, Lemma 3].

We can apply this result to prove an interesting theorem in dimension theory,
if we take property P to be that %, is a locally finite collection of open sets such
that dim (Fr (U))sm—1 for every U € %,.

First we state a theorem that is due to Morita [8, Theorem 8.7].

THEOREM 6.2 (MORITA). Let R be a nietric space. Then dim R<m if and only if
there exists a countable collection of locally finite open coverings U, of R such that
W =\J2-1 U, is a basis for R and dim (Fr (U))Sm—1 for every Ue %.

THEOREM 6.3. Let R be a metric space. Then dim R<m if and only if every open
covering of R has an open refinement U =\Jr-, ., where «, is locally finite and
dim (Fr (U))S<m—1 for every Ue %.

Proof. We may apply Theorems 6.1 and 6.2.

In proving “if”’, we may extend %, to a covering of R, as demanded in Theorem
6.1 without spoiling its properties by adjoining R to it.

Applying Theorem 6.3, we obtain an alternate proof of a theorem of Zarelua
[19, Corollary 2, p. 1536].

THEOREM 6.4. Let R be a strongly metrizable space. Then ind REm implies
dim R<m.

Proof. We proceed by induction and assume the theorem true for m—1.

Let #~ be an arbitrary open covering of R. Since ind R<m, for every pe R
there exists an open neighborhood V(p) such that

(1) pe V(p)< W for some We# and ind (Fr (V(p)))Sm—1.

Then {V(p) | p € R} refines #. Since R is strongly metrizable, R has an open
basis % =\~ %,, where %, is a star finite covering of R.

We can suppose that %, consists of open sets U, ,;; ¥ € I'; i=1, 2,... such that
Unyi N Up,5=9; y#0.

Set U,.,=U%1 U,,y.i. Then U, , is both open and closed in R as %, was an open
covering of R.

Now an element U, , ; of %, may perhaps be contained in some V(p) satisfying.
(1). If so, we choose one such V(p) and denote it by V, ,;; if no such V(p) exists,
put V, ,,=9.

Set X;.y.4=Un, NV, Then

Fr (Xn,v.i) = Fr (Un,y N Vn.y.t) < Un.y N Fr (Vn.y,i)
which implies ind (Fr (X, ,.))Sm—1.
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By the induction assumption and since every subspace of a strongly metrizable
space is strongly metrizable, we have

(2) dim (FI‘ (Xn,y,i))ém_ 1, and Xn.v.ic Vn.r.i-

For fixed n and i, the collection {X,, , ; | y € I',} is discrete. Thus we get countably
many discrete collections which together form an open covering refining #- Then
by Theorem 6.3 we have dim R<m.

COROLLARY 6.5 (ZARELUA). In a strongly metrizable space R, Ind R=ind R
=dim R.

VII. Some mapping theorems. It seems to be unknown whether the star finite
property is invariant under a closed continuous mapping f of a space R onto a
space S, such that f~!(p) is compact for every p € S, i.e., a perfect (or proper)
mapping.

Ponomarev [12] has proved that if R is a Hausdorff space having the star finite
property, and fis a (multi-valued) open and closed continuous mapping of R onto
S, such that the images f(x), and inverse images f~!(p) are compact for every
X € R, p € §, then S has the star finite property.

In this section, we prove some mapping theorems by imposing the condition
that f be monotone, i.e., f~*(p) is connected for each p € S.

THEOREM 7.1. Let f be a perfect, monotone mapping of a regular topological space
R having the star finite property onto a topological space S. Then S is a regular space
having the star finite property.

Proof. Since R is regular and paracompact, it is normal, thus S is normal by a
theorem of Whyburn [18, Theorem 9]. Now we need to show that S has the star
finite property.

Let #” be an arbitrary open covering of S. Since S is paracompact [5, Corollary
1], # has an open A-refinement #={U, | « € A}.

U ={f"'(U,) | «€ A} is an open covering of R. Since R has the star finite
property, %' has an open star finite refinement ¥ ={V, | B € B}.

Since f~1(p) is compact, only finitely many elements of ¥~ meet f~1(p), say
{Vﬂ(i.P) | i=1,2,..., n(p)}

For X<R, write X,=f"*(S—f(R— X)); this is an inverse set contained in X,
and f(Xo)=S—f(R— X), so that f(X,) and X, are open if X is open (because f is
closed and continuous). Thus

= )15}

is an open covering of S.
(1) A refines ¥#.

(U Vi, o0)o U Vg, hence

f [(:@i Vﬁa.m)o] <f (ZO: Vaa,p))'
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Moreover f(IU!R Vii.m) < S(p, %)< W for some We¥.
(2) A is star countable.
First, we show that

n(p)

U View | peSh = {SU™ P17 ) [ pes)

is star countable.

Let Viup € {Viam | i=1,2,...,n(p)}. Since f~1(p) is connected, for every
Voo € Vpam | i=1,2, ..., n(p)} there exists a k such that Vy; , = S*(V. p) ¥).

Suppose S(f~*(p), 7") N S(f~*(q), 7")# @. Then every Vs, in S(f~Yq),¥")
must be an element of the countable family of sets of ¥~ which are contained in
S™Vsa.p» ?7) for some n. Only countably many finite collections can be made up
from sets taken from this countable family, thus S(f~(gq), ¥") is an element of a
countable family, and {S(f~%(p), ¥") | p € S} is star countable.

It follows that {((U?") Vsu.»)o | P € S} is star countable, and therefore .# is star
countable. By Theorem 3.1 this implies that S has the star finite property, thus the
theorem is proved.

THEOREM 7.2. Let f be an open continuous monotone mapping of a regular space R
having the star finite property onto a regular space S. Then S has the star finite
property.

Proof. Let # ={W, | «€ A} be an arbitrary open covering of S. Then #”
={f~Y(W,) | « € A} is an open covering of R. #"" has an open star finite refinement
¥ ={V,|BeB).

Put 7" ={f(V,) | B € B}. Then ¥"' is an open covering of S, it refines # and it is
star countable.

First it is obvious that ¥™ refines #.

Now we show that ¥” is star countable. Suppose f(V5) N f(Vy)# &, «, Be B.
Then there exists an ref(Vy) Nf(Vy), and f~Xr)N V£ a; fHr) NV, # 2.
Since f~(r) is connected, this means that for some positive integer n,
V.= S™Vs, ¥7). Since ¥ is star finite, V, is an element of a countable family, thus

V) | (V) Nf(V) # @;a€ B}

is a countable family also. Thus ¥™ is star countable, and S has the star finite

property.
By a similar argument, we have Theorems 7.3 and 7.4.

THEOREM 7.3. Let f be an open continuous monotone mapping of a completely
paracompact space R onto a regular space S. Then S is completely paracompact.

THEOREM 7.4. Let f be an open continuous monotone mapping of a strongly
metrizable space R onto a regular space S. Then S is strongly metrizable.

THEOREM 7.5. Let f be a closed, continuous mapping of a regular topological
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space R onto a completely paracompact space S such that f~*(y) has the Lindelof
property for every y € S. Then R is completely paracompact.

Proof. Let % be an arbitrary open covering of R. For every y € S there exists a
countable subcollection, %,={U; | i=1, 2, ...} which covers f~(y). Put

U= U, V,=S=f(R=U,).
i=1

Then V, is an open neighborhood of y in S and f~*(V,)< U,. ¥ ={V, | ye S} is
an open covering of S. Since S is completely paracompact, ¥~ has an open refine-
ment #”' which is a subcollection of ¥ =\JF_, #,; ¥, a star open covering of S.

Write #"' ={W, ;| B€ B,,ne{l,2,...}}. For each index n, 8 in the collection
W, there exists a y(n, B) such that W, ;< V,..s. This implies

(1) f-l(Wr’t,B)cf—l(Vu(n.B))c U.um.ﬁ)-

The collection

L= Wap) N Ui | Ui € Uynpys Was €W 'YV X(Wap) | Was ¢ 97}

is an open covering of R.

Now we must show that &, is star countable. Since #,, is star finite, clearly
{f~X (W) | Was €5} is star finite. Since %, is a countable collection for every
y € S, then ¥, is star countable. Put =y, <.

The subcollection &’ of &

S ={fWa) DU | Ui € Uynpy; Was €W}
covers R and refines %. Hence by Theorem 5.1 R is completely paracompact.

COROLLARY 7.6. If f is a closed continuous mapping of a metric space R onto a
completely paracompact space S such that f~(y) is separable and has a compact
[frontier for every y € S, then both R and S are strongly metrizable.

Proof. Stone [16, Theorem 1] and Hanai and Morita [2, Theorem 1] have
proved that if fis a closed continuous mapping of a metric space R onto a space S
such that f~1(p) has a compact frontier for all p € S, then S is metrizable.

By Theorem 6.1, a completely paracompact metric space is strongly metrizable.
These results together with Theorem 7.5 prove the corollary.
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